We consider which integers g can occur as the genus and of a curve defined over a field of characteristic p which admits an automorphism of degree pq, where p and q are distinct primes. This investigation leads us to consider a certain family of three-dimensional Frobenius problems and prove explicit formulas giving their solution in many cases. Abstract. We consider which integers g can occur as the genus and of a curve defined over a field of characteristic p which admits an automorphism of degree pq, where p and q are distinct primes. This investigation leads us to consider a certain family of three-dimensional Frobenius problems and prove explicit formulas giving their solution in many cases.
Introduction. A recent paper by O'Sullivan and Weaver
considers the largest genus in which no surface admits an automorphism of order n in the case n = pq, where p and q are distinct primes. In [4] , the author begins considering the characteristic p analogue of this question by looking at curves that admit a ‫/ޚ‬p‫-ޚ‬action and determining which genera g can occur for such curves as well as which p-ranks σ occur for a given genus.
In this paper we continue this investigation by considering curves defined over fields of characteristic p that admit a ‫/ޚ‬pq‫-ޚ‬action, where q is a prime distinct from p. We note that these results generalize the results of [3] , in which the author considers hyperelliptic curves admitting a ‫2/ޚ‬m‫-ޚ‬action in characteristic 2 for all odd m and proves (among other things) the following result. , m − 1 .
In Section 2 of this paper we consider curves that admit a ‫/ޚ‬pq‫-ޚ‬action in characteristic p, where q is a prime number distinct from p. The main approach in our investigation will be to assume that X admits a ‫/ޚ‬pq‫-ޚ‬action with quotient Y , and consider the cover X → Y along with the ‫ޚ‪/p‬ޚ‬ subcover, which we denote by C. We then use the Riemann-Hurwitz formula to compare the genera of X and Y . In particular, we show that if a curve of genus g admits such an action then . While our motivation for studying this question comes from the questions raised in Section 2, we believe that this problem is of independent interest. This is a special case of the Frobenius Problem, which in general asks for a description of sets a 1 , . . . a k of integers that can be expressed as the linear combination a 1 x 1 + · · · a k x k for non-negative integer choices of x i . In the case of k = 2, the answer is well known due to Sylvester [6] , and his result is standard in any undergraduate number theory text. However, the question becomes more difficult in the case where k ≥ 3. In particular, while it is known that ‫ޚ‬ ≥0 − a 1 , . . . a k is a finite set, finding the largest number in this set is NP-hard for generic choices of a i if k ≥ 3 [2] . However, there are special cases of a i for which a formula for the answer is known. This note hopes to add another case to the literature.
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Genera for ‫/ޚ‬pq‫-ޚ‬actions.
The main results in [5] consider Riemann surfaces admitting a ‫/ޚ‬pq‫-ޚ‬action for odd prime numbers p and q. In particular, the authors show that there exists a curve of genus g admitting such an action if and only if g − pq + 1 ∈ pq, p q, pq , . They then go on to consider the four-dimensional Frobenius Problem related to the largest non-genus for such an action. Their proof carries over to positive characteristic fields as long as the characteristic of the base field is distinct from p and q. In this section we consider how their results change in the situation where our base field has characteristic p. We begin by proving a necessary condition on the genus of such a curve. THEOREM 2.1. Let X be a curve of genus g X defined over an algebraically closed field of odd characteristic p admitting a ‫/ޚ‬pq‫-ޚ‬action. Then g X + pq − 1 ∈ pq, pq , p .
Proof. Let C be the quotient of X by the ‫ޚ‪/p‬ޚ‬ subgroup, and let Y be the quotient by the full ‫/ޚ‬pq‫.ޚ‬ Let us assume that there are b points which are fully ramified in the cover X → Y . In particular, because both of these covers are Galois, we can assume that the cover C → Y is ramified at b + c points and the cover X → C is ramified at aq + b points. Applying the Riemann-Hurwitz formula to these covers we calculate that
where R is the degree of the ramification divisor for the wild cover X → C. The statement of the theorem follows.
We note that the calculations in this proof will work in an identical manner if p = 2; however, in this case p = 1 2 making the results trivial if R is even and nonsensical if R is odd.
The natural question to ask is whether we get all linear combinations of pq, pq and p in the above construction. However, there is a non-trivial relationship between g Y , b and R which makes the set of all possible genera somewhat smaller than the full set pq, pq , p − (pq − 1). As an illustration of this, we note that if b + c = 0 then the cover C → Y is unramified and therefore g Y > 0. Moreover, this would imply that b = 0, which in turn implies that R must be a multiple of q, eliminating a number of the genera in the set. We are, however, able to prove that curves admit ‫/ޚ‬pq‫-ޚ‬actions under certain additional hypotheses. THEOREM 2.2. Assume that p > 3 and let n ∈ pq, p q, pq and g = n + 5p q + 1.
Then there exist curves of genus g which admit ‫/ޚ‬pq‫-ޚ‬actions in characteristic p.
Proof. Let Y be a hyperelliptic curve of genus at least one and let C → Y be a ‫/ޚ‬q‫-ޚ‬cover ramified at c points. For any y ∈ Y that is not a ramification point, there is a function on C which has poles of order two at q points lying above y; similarly, for any k that is not a multiple of p there will exist a function with exactly q poles each of order 2k, leading to a ramification divisor of degree (2k + 1)q. One can similarly construct a function with q poles of order 2 and q poles of order 2k for any k such that k ≡ 0 (mod p), giving a ramification divisor of degree (2k + 4)q. One is similarly able to construct functions with ramification degrees (2k + 7)q and (2k + 10)q. Because p > 3, if R = mq, where m > 4, then R will take one of these forms and we can construct a cover ramified only at these points. We compute the genus of such a curve as follows:
The theorem follows.
Setting c = 0 and combining this result with Theorem 1.3 immediately yields the following result. In particular, we note that results in the next section will show that the bound of this sufficiency condition given is of the same order as those of the necessary conditions given in Theorem 2.1.
and g ≡ 1 mod q, then there exist curves of genus g which admit ‫/ޚ‬pq‫-ޚ‬actions.
In order to get a different kind of sufficiency condition, we note that if b ≥ 1 then this means that one or more of the ramification points of the cover X → C is a ramified point in the cover C → Y as well, allowing R to take on values that are not themselves multiples of q. In particular, for any such point on C, one can construct a function that has a pole of order 2q at this point by letting Y to be a hyperelliptic curve and lifting a function on Y with ramification type (2) to C. This in turn allows us to construct functions on C that have b poles and a ramification divisor whose degree is R = 2lq + b for any b ≥ 1 and l ≥ b with the only restriction that if b = 1 then l cannot be a multiple of p.
Following the example of the previous theorem, this allows us to construct curves X with ‫/ޚ‬pq‫-ޚ‬actions with genus as follows:
We are able to make such a construction as long as we are not in the situation where b = 1 and c = g y = 0. In particular, we have the following result. and which we denote by F(p, q). While there are algorithms to compute three-dimensional Frobenius numbers in general, this problem has some nice properties that we can exploit to get simple polynomial formulas in certain cases. 
